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3.9 Fractional Step Methods

An approximation of multidimensional problems similar to ADI (or, in general,
approximate factorization schemes) is the method of fractional step. This method
splits the multidimensional equation into a series of one-space dimensional equations
and solves them sequentially. For the two-dimensional model equation
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the method provides the following finite difference equations: (Note that the Crank-
Nicolson scheme is used.)
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The scheme is unconditionally stable and is of order [(At)?, (Az)?, (Ay)?).

3.10 Extension to Three-Space Dimensions

The ADI method just investigated for the unsteady two-space dimensional
parabolic equation can be extended to three-space dimensions, which is accom-
plished by considering time intervals of n, n+ 3, n-+ 3, and n+ 1. The resulting
equations for the model equation

du u Pu  Hu
jaid iy 5
ot [6:!:2 = y? * 8z2] 3:53)
are:
1 - 1
uigh i _  [BuE | Sub | Suly
z oy By B
n+} n+§ [ 52 nt+} 52 nt} 2 Nty
Wik — Uigk _ | Oz%k yUigk , Oxtisk
5 B2y Gyt ey
and

ntl _ 0t} 2, "8 o nti n+l
Ui ik — Uijk ‘S:ui.j,k + 5y‘“u,k 63’“;,;,):

& T |G T Ay T By



38 Chapter 3

The method is of order [(At), (Az)?, (Ay)?, (A2)? and is only conditionally stable
with the requirement of (d; + d, + d.) < (3/2). As a result of this requirement,
the method is not very attractive. A method that is uncenditionally stable and
is second-order accurate uses the Crank-Nicolson scheme. The finite difference
equations of the model Equation (3-35) are
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3.11 Consistency Analysis of the Finite
Difference Equations

By previous definition, an FDE approximation of a PDE is consistent if the FDE
reduces to the original PDE as the step sizes approach zero. In this section, the
consistency of some of the methods discussed earlier will be investigated. Since the
procedure is simple and straightforward, only a couple of examples are illustrated.
As a first example, consider model Equation (3-1), i.e.,
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where the FDE approximation by the FTCS explicit method is
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Expand each u in a Taylor series expansion about uy; therefore,
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